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The application of numerical methods to finding the coefficients in systems of partial differ- 
ential equations of heat and mass exchange is shown on a specific example. 

With the development  of the theory  of the t r a n s f e r  of energy  and ma t t e r  there  has a r i s e n  the p rob -  
l em of deducing the coeff icients  of heat and m a s s  exchange f rom exper imenta l  data.  The coeff icients  [nthe 
equations which f o r m  the bas i s  of the theory  a re  important  physical  t he rma l  c h a r a c t e r i s t i c s  of the m a t e -  
r i a l s  under cons idera t ion  and hence numerous  works  have been devoted to the construct ion of p rocedu re s  
for thei r  de te rmina t ion  [1-9]. In such works  the fo rmulas  used in c a r ry ing  out the computat ions a r e  in-  
va r i ab ly  based  on solutions obtained by analyt ical  methods [10]. T h e r e  a r e  a number  of p rob lems ,  how- 
ever ,  in which it is ex t r eme ly  difficult to obtain solutions in an analytic fo rm.  Such p r o b l e m s  a r i se ,  for 
example,  when industr ial  p r o c e s s e s  a re  s imula ted  using phenomenological  theory .  Hence it is n e c e s s a r y  
to develop sufficiently adaptable,  s imple,  and re l i ab le  numer ica l  methods for de termining these  coeff i -  
c ients  (one such p rocedure  was p resen ted  in [11]). 

The p rocedu re  p re sen ted  in this a r t i c l e  cons i s t s  of a combination of the s t ra igh t - l ine  method and 
the method of the leas t  squares ,  applied to a t r a n s f o r m e d  s y s t e m  of o rd inary  different ial  equations.  Since 
in p roces s ing  exper imenta l  data in tegral  r e la t ions  give m o r e  re l iab le  r e su l t s  than different ial  re la t ions ,  
because  of the much higher accu racy  of numer ica l  in tegrat ion in compar i son  with numer ica l  d i f fe rent ia -  
tion, the l e a s t - s q u a r e s  method is applied to the equivalent s y s t e m  of integral  equations [12]. 

As an object of our invest igat ions we took the ma themat i ca l  model of the industr ia l  p r o c e s s  of drying 
gra ins  in a dense and boiling uni form flow, the model is obtained on the bas i s  of [13] by means  of s eve ra l  
ideal izat ions and assumpt ions  which can eas i ly  be unders tood f r o m  the formulat ion of the boundary-va lue  
p rob l em below (the conventional notation is used, see a lso  [13]): 

.Ou + w O___U_U - ( O~u__ l Ou ) 
O~ Ox a m (t) Or e + . . . .  r Or O, 

o--~ +~-~x + c~, --oT-'-~ -ox 

OU 
(T, X, R)=: 

Or 

B (t, v )  (u~ - -  up), u~ .~ % 

a~ (t) 

B (t, v) 
- -  am (t) (us - -  up), u~ > up, 

Ou 
- - ( ~ ,  x, O)= O, 
Or 

u(~, O, r ) =  u ~ (~, r), t(~, O ) =  f~ (~), 

u(O,  x, r) = u o (x, r), t (0,  x)  = f=(x) .  (1) 
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Since in (1) u(z, x) = - -  

R 
R"(2 ) ~ rudr it is  e a s y  to obtain the d i f f e ren t i a l  r e l a t ion  

0 

I 2B (t, v) 
Ou O~ R (u~ - -  %), u~ -(. u~ 

O~ ~- w - ~ f - -  I 2B (t, v) 
[ R ( u Y  %)' u~ > ug. 

(2) 

Of the p a r a m e t e r s  a p p e a r i n g  in (1), s o m e  (c ' ,  ~/', am,  p) can  be  c o n s i d e r e d  a s  known [5, 6]; a l so ,  
in p r a c t i c e ,  the in i t ia l  condi t ions  can be c o n s i d e r e d  a s  spec i f i ed .  It r e m a i n s  to find su i t ab le  funct ions  A(v) 
and B(t, v) and a l so  to e s t i m a t e  the d e g r e e  to which  the mode l  c o r r e s p o n d s  to the indus t r i a l  p r o c e s s  under  
c ons ide r a t i on .  We beg in  with the s t e a d y - s t a t e  equat ions  of the dry ing  p r o c e s s  obta ined for  ~ u/0~" = 0 and 
0t/01" = O: 

Ou a,,~ (t) ( 02u l Ou ) 
Ox w ~ + r Or ' 

Ot __ A(v) (tr 2pB(t,  v) 
Ox c'~'w c'wR (uR - -  u,), 

(3) I B (t, v) (u~ --  uv), ue -<~'. u g, 
Ou a~ (t) 
o--;-(x, R)= { 

B (t, v) (u~-- up), un ~ Ug, 
am (t) 

Ou 
- -  (x, O) = 0 ,  u(O, r ) : = u  o(r), t ( O ) = l  o. 
Or 

The  f i r s t  s tage  of the s e a r c h  c o n s i s t s  in app ly ing  the  s t r a i g h t - l i n e  me thod  to the s y s t e m  (3). We 
w r i t e  down the f i n i t e - d i f f e r e n c e  r e l a t i ons :  

( ~ r  ) u~+~--u~_~ 
(4) 

I, 2h ' 

02u ) ~ uh+~ - -  2uh + uh_~ (5) 

Since r k = kh and 

(Au)h_=(O2u~ + 1 ( Ou'~ (6) 

we obtain  

l 
(Au)h ~ ~ [(2k -q- 1) uk+ 1 - -  4ku~ -]- (2k - -  1) un_l]. (7) 

At the bounda ry  (the s t r a i gh t  l ine  with k = n) we have: 

\Or s ] . +  r,~ \ Or /n 

( o." _ 
u,,_. 1 -- u,, - -  h .  --~-r )n ~- 2 \ Or s ],, "" "' (8) 

._..} 

(A.),, ~ T ~ 0r/r=~ h -~- \-g; r=~ 

A s i m i l a r  p r o b l e m  w a s  c o n s i d e r e d  in [14] for  a c a p i l l a r y  p o r o u s  bal l  with cons tant  t e m p e r a t u r e  of 
the su r round ing  m e d i u m .  The  n u m e r i c a l  ca l cu la t ions  show suf f ic ien t ly  r a p i d  c o n v e r g e n c e  of the s t r a i g h t -  
l ine me thod  with r e s p e c t  to the coord ina te  r .  By se t t ing  h = R / 4  the s y s t e m  of equat ions  (3) fo r  the e a s e  
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UR -< Ug can  be  t r a n s f o r m e d  into 

wi th  the  i n i t i a l  cond i t i ons  

du  8 

d x  

dua 

d x  

dt  

d x  

d(q _ a m (t) (24u 2 __ 24ul), 
dx w P  ~ 

du  2 _ a,~ (t) (20u 3 _ 32u2 + ! 2ul), 
d x  w R  2 

~ ( t )  ( 5 6 _  40 ) 
- -  w R  2 ~ 3 ~ 32u~+ -~ -u~  , 

9B (t, v) (u~ - -  up) + 32 am (t______~) (u a __ u~), 

w R  w R  ~ 

A (v) (t~ - -  t) 2 9 B (t, v) (u~ - -  % )  
C' ~'~V ct~vR 

u f ( 0 ) = u  0, t ( 0 ) = t  o , i = 1 ,  2, 3, 4. (9) 

In  the  s e c o n d  s t a g e  s m o o t h e d  e m p i r i c a l  func t ions  m u s t  be  i n t r o d u c e d  into the  s y s t e m  of equa t i ons  
(9) or  into the  c o r r e s p o n d i n g  i n t e g r a l  equa t ions ;  in th i s  way  a v e c t o r  of r e s i d u a l s  i s  f o r m e d  and f r o m  th i s  
s y s t e m  the  unknown c o e f f i c i e n t s  a r e  ob ta ined .  T h e  a p p r o x i m a t e  v a l u e s  of the  p a r a m e t e r s  a r e  ob t a ined  b y  
so lv ing  the  s y s t e m  of n o r m a l  equa t ions  ob ta ined  a c c o r d i n g  to  the  me thod  of l e a s t  s q u a r e s .  

S ince  the  da ta  on i n d u s t r i a l  g r a i n - d r y i n g  t e s t s  d id  not i nc lude  any- i n f o r m a t i o n  on the d i s t r i b u t i o n  of 
the  f i e ld  of m o i s t u r e  conten t  a c c o r d i n g  to the  s i z e  of the  p a r t i c l e  i t  was  not p o s s i b l e  under  such  cond i t ions  
to f ind the  d i f fus ion  coe f f i c i en t  of m o i s t u r e .  Hence  the  quan t i t y  am( t  ) was  a p p r o x i m a t e d  on the b a s i s  of 
l a b o r a t o r y  e x p e r i m e n t s  [5, 6]: 

am : 0.662. li) -12 ?. 

Se t t ing  u a ~ u in the  f i r s t  a p p r o x i m a t i o n  and adop t ing  fo r  the  c o e f f i c i e n t s  A and  B the  e m p i r i c a l  r e l a t i o n -  
s h i p s  

A = ov (x), ( lO) 

B = b v ( x ) t ( x ) ,  

we c o n v e r t  the  l a s t  d i f f e r e n t i a l  equa t ion  of the  s y s t e m  (9) in to  i n t e g r a l  f o r m  

x x 

t (x) = to + % .! v (~) [tc (~) - -  t (~)] d~--  % .I" v (~) t (l) [~-(~) - -  %1 d ~, 
Xo x o 

(11) 

w h e r e  cq = a / c ' Y w ,  a 2 = 2 p b / c ' w R .  We s u b s t i t u t e  for  the  func t ions  t(x) and  u(x) in the  i d e n t i t y  (11) by  
c o r r e s p o n d i n g  e m p i r i c a l  d e p e n d e n c e s  t'(x) and  u(x), fo r  the  g iven  s e q u e n c e  x = x 1, x 2 . . . . .  xn(n >> S i s  the  
n u m b e r  of p a r a m e t e r s  to be  d e t e r m i n e d )  and  ob ta in  the  s y s t e m :  

x~ xi 

} (x~) = t o + a I j" v (~) it c (~) - -  t (~)] d~ - -  a~ ,!" v (~) t (~) [ u (~) - -  uv] d~ + (3 (xi) , 
x o  x o 

(12) 

w h e r e  6(xi) i s  the  r e s i d u a l ,  i = 1, 2, 3 . . . . .  n. Us ing  the m e t h o d  of l e a s t  s q u a r e s  the  c o e f f i c i e n t s  cq and 
c~ 2 can  be  found by m i n i m i z i n g  the func t ion  

n 

r a2) = ~ 6~ (x~). (13) 

T h e  d e r i v a t i v e s  00/0c~ 1 and 00/0o~ 2 a r e  c a l c u l a t e d  and  se t  equa l  to  ze ro ;  two equa t ions  for  the  unknown oz 1 
and ee 2 a r e  ob ta ined:  

x i  

i ~  i x o 

)r x n  
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n f x i  

i =  1 xo 

x i x i  

+ j' .pla  } .t" ) = 0 (14) 
Xo ~o 

In view of the s ize of the e r r o r  (of the order  of 5-10%) in the smoothing of industr ial  exper imen t s  the 
p rocedure  of leas t  squares  is r ep laced  by a s imple r  method: 6(xt) a r e  set equal to ze ro  in Eqs .  {12), the 
s y s t e m  (12) is ave raged  for two groups of points,  and the sought coeff icients  a r e  obtained by solving two 
l inear  a lgebra ic  equations.  In case  of the s t e p - b y - s t e p  drying (Up = 0.1; 100~ - tc -< 180~ 0.2 m / s e c  
-< v -< 0.6 m / s e c )  of a dense moving s t r a tum of th ickness  0.2 m, the empi r i ca l  coeff icients  a r e  equal to 

a -= 0.266 v (x), (15) 
B = 0.858.10 .8 v (x) t (x), 

while in the case  of osci l la t ing conditions in a boiling s t r a tum of the same  thickness  (100~ -- t c --< 200~ 
v ~ 1.6-1.8 m / s e e )  

A = 1.22, B = 3.5.10-8t. (16) 

Equations (15) and (16) provide  the ze ro  approximat ion  of the sought p a r a m e t e r s  in the sense  that for u4(x) 
the va lueu(x)  is taken.  However,  a solution of the sy s t em (9) with the values  of A and B thus es tabl i shed 

ensu re s  that the in tegra ls  j' u{x)dx and ! u4(x)dx a r e  sufficiently close and hence there  is no need for  
Xo ~o 

i t e ra t ions .  

The degree  of cor respondence  of the model to the r ea l  p r o c e s s  was es t imated  according to maximal  
mean  deviations of the r e g r e s s i o n  cu rves  for  the exper imenta l  values:  max]At (x)]=7 ~ maxlAu(x)i= 0.0066 ; 

in view of the nonur~formity of the heating and drying of the ma te r i a l  under the conditions normal ly  p r e v a i l -  
ing in industry,  the magnitude of the obtained e r r o r s  is  fully acceptab le .  

The s t ra igh t - l ine  method together  with var ious  other p rocedu re s  for solving s y s t e m s  of a lgebra ic  
equations can a lso  be r ecommended  in other cases ,  for example,  in the determinat ion of the heat -  and 
m a s s - t r a n s f e r  coeff icients  using s tandard bodies .  Then the formulat ion of the adjoint boundary-va lue  
p rob l em does not p resen t  any additional diff icult ies compa red  with the boundary-va lue  p rob l em of the 3rd 
kind under considera t ion .  
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